Abstract: Exact elastic solutions for axisymmetric variable-thickness hollow rotating discs with heat source made of functionally graded (FG) materials under free-free and fixed-free boundary conditions are presented. Material properties and disc thickness profiles are assumed to be represented by specified power law distributions. The effect of the heat source and the geometry of the disc on stress and displacement fields are investigated. It is found that the location of maximum radial stress owing to thermal load does not tend towards the outer surface like radial stress owing to mechanical load for free-free FG discs with an increase in parameter m related to the thickness profile. The temperature distribution in a disc with hyperbolic thickness profile is the smallest compared with other thickness profiles. The FG disc with hyperbolic convergent thickness profile has smaller stresses because of thermal load compared with the disc with uniform thickness profile.
INTRODUCTION
Functionally graded materials (FGMs) are heterogeneous materials, in which the material properties change gradually and continuously from one surface to the other as a function of position along certain dimension(s) of the structure [1, 2] . These materials mainly constructed to operate in high-temperature environments have high fracture toughness. Heat source and related thermal stresses occur in these materials. One of the applications of discs is in the rotor of electrical motors, and the shape of the rotor is cylindrical or the same as disc. The effect of heat source in FGM disc of rotor can also be found in many advanced devices such as turbine, centrifuge, flywheels, and gears, just to mention a few.
A number of investigations dealing with thermal stresses and deformation in circular structures such as cylinders and rotating discs have been reported in the scientific literature. Praveen et al. [3] used the finite-element formulation of axisymmetric heat transfer equation for the thermoelastic analysis of an FG ceramic-metal cylinder. Zimmerman and Lutz [4] presented solutions for thermal stresses in an FG circular cylinder with uniform heating using the Frobenius series method and assuming temperature and stresses as linear functions of radius. Obata et al. [5] presented thermal stresses in FG sphere and cylinder using perturbation theory. They used the separation of variables' and Laplace-transform methods to find two thermoelastic displacement potential functions. Tarn [6] presented exact solutions for FG cylinders under extension, torsion, shearing, pressuring, and temperature changes, assuming material properties to be cylindrically anisotropic. Ruhi et al. [7] gave semianalytical thermoelastic solutions for thick-walled finitely long cylinders made of FGMs. Jabbari et al. [8, 9] presented an analytical solution for thermomechanical response in an FG cylinder under radially symmetric and non-axisymmetric steady-state loads. Based on the method reported in reference [8] , Eslami et al. [10] and Jabbari et al. [11] presented the thermomechanical response for an FGM sphere and a thick long FGM cylinder, respectively, under radially symmetric loads. Jabbari et al. [12] presented the theoretical analysis of three-dimensional mechanical and thermal stresses for a short FG hollow cylinder under steady-state temperature.
Many earlier studies on rotating discs ( [13] and references therein) have considered discs with uniform thickness. In recent years, FG rotating discs have been considered. Durodola and Attia [14, 15] provided a finite-element analysis for FG rotating discs with constant thickness. Kordkheili and Naghdabadi [16] presented a semi-analytical thermoelastic solution for FG discs with constant thickness under plane stress conditions. Bayat et al. [17] [18] [19] applied series solution and semi-analytical methods to study the thermomechanical response in FG rotating discs using shear deformation theory.
Several authors ( [20, 21] and references therein) have emphasized the importance of variable thickness in rotating discs. They showed that the mechanical responses in rotating discs with variable thickness were much lower than those with uniform thickness at the same angular velocity. Bayat et al. [22] [23] [24] studied the thermomechanical response in FG rotating discs with variable thickness under symmetry and steady-state thermal loads. They used semi-analytical method. Bayat et al. [25] obtained more realistic thermomechanical results in FG rotating discs with variable thickness by considering temperature-dependent material properties under symmetry and steady-state conditions.
The motivation for the present paper stems out of the fact that no work exists in the literature till date that concerns the thermoelastic analysis of a variable thickness FG disc with heat source. The present study considers an FG disc of variable thickness ( Fig. 1) subjected to centrifugal force and thermal loading owing Fig. 1 Cross-section of a hollow disc with variable thickness to heat source. The loading and geometry of the disc are assumed to be axisymmetric and independent of the out-of-plane coordinate, and the plane stress conditions are assumed. The symmetry with respect to the axis and the mid-plane is also assumed. To be more specific, this work aims to present exact solutions for the non-dimensional temperature distribution and the displacement field and to investigate the effect of some basic factors such as property gradation and the geometry of the hollow disc on stress and displacement fields under free-free and fixed-free boundary conditions.
GRADATION RELATION
In this study, the property variation P of the material in the FG disc along the radial direction is assumed to be of the following form [23] 
Here P o is the property of the material at the outer radius of the disc (i.e. at r = r o , and is a parameter whose value depends on the material and geometric properties of the disc but not on its radius). In this study, the Poisson's ratio ν is assumed to be constant, and other material properties such as the thermal conductivity, the elastic modulus, and the density are assumed to vary according to the gradation relation (1a), for example, the assumed form for the thermal conductivity (k) is
The value of the parameter γ depending on the material and geometric properties of the disc is specified in the following sections.
The thickness profile (h) of the disc is assumed to vary radially according to the following form [23] 
Here m is a geometric parameter that (also referred to in the literature as the order of the hyperbola) can be positive or negative. In equation (2) , the thickness of the disc is characterized by m. The profile is divergent when m < 0 and convergent when m > 0. The constant thickness can be obtained by setting m = 0.
THERMOELASTIC EQUATION
Consider a hollow axisymmetric FG disc with variable thickness with inner radius r i and outer radius r o , as shown in Fig. 1 . The disc rotates at an angular velocity ω. As, the field variables, the loading and geometry are independent of the out-of-plane coordinate, the plane stress conditions are assumed. Owing to axial symmetry assumptions in geometry and loading, the cylindrical coordinate system (r, θ, z) is used. The inner and outer surfaces of the FG disc are assumed to be metal-and ceramic-rich, respectively. Between these two surfaces, material properties vary according to equation (1a).
It may be mentioned that the assumption for a metal-rich inner surface of the disc can be well justified for situations considered in this study, in which the FG disc is mounted on the shaft support and ductility plays an important role. It is worth mentioning that the fixed-free and free-free boundary conditions of this study correspond, respectively, to situations in which the disc is connected to shaft rigidly or by means of splines where small axial movement is allowed.
Using the following strain-displacement and stressstrain relations
from the infinitesimal theory of elasticity and the rotational symmetry into the equation of motion given in reference [26] 
Here for brevity, symbols h r , E r , ρ r , α r , and T r have been used for the functions h(r), E(r), ρ(r), α(r), and T (r), respectively. In equation (6) , the displacement u is a function of r only due to axial symmetry and plane stress conditions. Details of derivation of equation (6) can also be seen in Bayat et al. [24] .
EXACT SOLUTION FOR DISPLACEMENT FIELD DUE TO MECHANICAL LOAD: A CASE WITH NO HEAT SOURCE
This case has been studied in Bayat et al. [22] , in which equation (6) minus the last term has been considered in its non-dimensional form as
where different non-dimensional variables have been defined as
It has been shown in Bayat et al. [22] that for specific forms of material properties and thickness profile of the disc given according to equations (1) and (2) as
equation (7) has an exact solution as under
where s 1 and s 2 are the two real roots of the quadratic
and U p is the particular solution of equation (7) such that
The three parameters η, β, and m in relation (9) and consequently in the solution (10) can be determined from the material properties and the geometry of the disc as follows
The arbitrary constants D 1 and D 2 in equation (10) can be determined by using the boundary conditions.
Remark 1
Equation (4.53) of reference [27] is a special case of equation (7) of this paper for homogeneous materials. Consequently, results of equation (7) can be compared with those reported in reference [27] for pure materials. Such a comparison will be a part of the case-study results reported in section 8.
EXACT SOLUTION FOR THE THERMAL LOAD
The heat conduction equation
with heat source represented by q(r) and symbols h r , k r , and T r used for the functions h(r), k(r), and T (r), respectively, can be written in the non-dimensional form as
with
It has been shown [24] that for the particular forms for the thermal conductivity and the thickness profile of the disc according to relations (1) and (2) given as
with parameter γ defined as
equation (15) can be solved to give exact solution as
where
and A 1 and A 2 are arbitrary constants that can be determined by using boundary conditions.
BOUNDARY CONDITIONS

Thermal boundary conditions and heat source function
The mixed boundary conditions are [12, 28, 29]
By choosing suitable values for the parameters C ij (i, j = 1, 2), different types of the thermal boundary conditions including prescribed temperature difference, heat flux, and convection may be considered for the disc. Functions f 1 and f 2 are given at the inside and outside surfaces of the disc, respectively.
The disc is heated by the rate of energy generation per unit time per unit length with q(r) given as
The assumed energy generation provides zero rates at the inside and outside surfaces and 25(w/m) at mid-radius. Using equation (20), the non-dimensional form of the heat source function to be considered in this paper becomes
Mechanical boundary conditions
Hollow disc free-free. The following traction conditions on the inner and outer surfaces of the rotating hollow disc must be satisfied
Hollow disc fixed-free. The following conditions must be satisfied
EXACT SOLUTION FOR DISPLACEMENT FIELD DUE TO THERMAL LOAD: A CASE WITH NO MECHANICAL LOADING
Navier equation (6) for thermal load can be written in the non-dimensionalized form by using the non-dimensional variables of equation (8) along with additional variables as given below
The non-dimensional form of equation (6) is then given by
For the dimensionless thermal expansion property, α is assumed to vary according to equation (1a) as
It can be seen that the exact solution of the elastic equation (25) is possible.
Using relations (9) and (26) in equation (25), it reduces to an Euler equation as follows
Using equation (21) for the heat source function Q(R), equation (18) yields
Supposing that there is no convection at the top and bottom surfaces of the disc, the temperature difference, T R , between the side surfaces and the environment of the disc are assumed to be [27, 30, 31]
Remark 2
A special case of equation (15) has been considered in reference [27] . More specifically, it can be shown that under boundary conditions (29a), the temperature rise at any distance R from the centre in a constant thickness disc (m = 0) without heat source (Q R = 0) made of homogeneous materials and having constant thermal expansion is the same as that reported in reference [27] . Interested readers may refer to Bayat et al. [22, 23] for further details.
For specific thermal boundary conditions, it is assumed that the temperature differences at inner and outer surfaces are [30, 31] 
In order to show the effect of heat source only on the behaviour of the FG structure (like [30, 31] ), it is assumed that the heat source placed at the mid-radius of the disc does not affect the thermal conditions at the inner and outer radii of the disc. It is worth mentioning that the method of this study is general in nature and can be used for other boundary conditions also.
It may be noted that A 1 and A 2 in equation (28) can be obtained by using boundary conditions (29b) as
and
Substituting for T R from equation (28) into equation (27) , it becomes
where A 1 and A 2 are the same as given in equation (30) . The general solution of equation (32) can be written as
In equation (33a), B 1 and B 2 are the two arbitrary constants; s 1 and s 2 are the two real roots of the quadratic equation (11); and U T | P is the particular solution of equation (32) such that
NUMERICAL RESULTS
For numerical illustration of the elastic solutions of this study, it is assumed that all the discs considered have the same volume. This can be achieved by suitably choosing the value of h o . It can be noted that the results obtained in this study are based on the nondimensional formulation and thus are independent of the absolute value of h o . Two cases considered are, namely, hollow disc free-free and hollow disc fixedfree. The analysis is conducted using aluminium as the inner surface metal and ceramic as the outer surface material, same as considered in reference [24] . The material properties are
A hollow disc with R o = 5R i or a solid disc subjected to uniform centrifugal force is considered. All other parameters such as η, m, β, γ and ζ can found by using equations (9), (17), (26) , and (35). Arbitrary constants A 1 , A 2 , B 1 , B 2 , D 1 , and D 2 can be obtained by applying boundary conditions. Different cases for the thickness profiles used in these illustrations obtained from equation (2) are listed in Table 1 .
It can be mentioned that the method of solution of this study is general in nature, but the numerical results reported in the following are dependent on the material properties and the geometry of the disc. Figure 2 presents the non-dimensional radial stresses owing to heat source and centrifugal load for different values of the geometric parameter m.
Results for thermomechanical loading
It can be seen from Fig. 2 that when R < 0.5, the nondimensional radial stress takes the maximum value for hyperbolic divergent thickness profile and the minimum for hyperbolic convergent thickness profile, and for FG disc with uniform thickness, radial stress occurs in-between. It is seen that the FG disc with uniform thickness takes the maximum thermomechanical stress when 0.65 < R < 0.75. It is observed that the FG disc with hyperbolic convergent thickness profile has smaller stress in most parts of the disc. It is also observed that close to the inner surface radial Figure 3 demonstrates the non-dimensional hoop stresses due to heat source and centrifugal load for different values of the geometric parameter m.
It is seen that thermomechanical hoop stress decreases by increasing the value of m. The effect of material property on the hoop stress is shown by fixing the value of the geometric parameter m = −2.0 (say) and by considering results for pure material and FG disc, as given in Fig. 3 . For discs with the same thickness profiles, it is seen that close to the inner surface, the FG discs have smaller hoop stresses compared with those with homogeneous material, but towards the outer surface, the stresses for FG discs can be larger than the circumferential stress for pure material discs.
It can be seen that the graphs obtained by considering only mechanical loading (Figs 4 and 5 ) and the those with thermomechanical loading (Figs 2 and 3) are very similar. It is indeed not surprising because when one considers the combined loading of centrifugal force and thermal effects, it is the centrifugal force that dominates and suppresses the effect of thermal loading by superposition law [25] . Similar conclusion can be drawn by comparing the scales of mechanical radial and hoop stresses in Figs 4 and 5 and thermal radial and hoop stresses in Figs 11 and 12 . Thus, for a purpose of showing the application of the present exact solution for analysing an FG rotating disc, two cases of loading may be considered: one with uniform centrifugal force and the other with thermal loading due to heat source.
Results for body force
Hollow disc (free-free)
Figures 4 and 5 illustrate the non-dimensional radial and circumferential stresses, respectively, for different values of the geometric parameter m in the FG rotating disc due to body force. As expected, FG discs with hyperbolic convergent thickness profile have smaller maximum radial stresses compared with those with hyperbolic divergent thickness profile owing to body force. It can be observed that the maximum of the radial stress moves from the inner surface to the outer surface when m is increased. It is seen that the radial stress for the FG disc with hyperbolic convergent thickness profile is smaller than that of the corresponding case with uniform thickness. It can be mentioned that for the same thickness profile, the mechanical radial stresses for the FG disc are smaller than those for pure material disc, except the region close to the outer surface Calculating the maximum for radial stress given by equation (4.42a) of reference [27] , it turns out that it occurs at √ R i R o . The same value √ R i R o = 0.447 is shown in Fig. 4 for maximum radial stresses in pure material disc with uniform thickness (m = 0).
The circumferential stress is shown in Fig. 5 . The circumferential stress for the FG disc with hyperbolic convergent profile turns out to be the smallest in comparison with the other thickness profiles (i.e. linear or hyperbolic divergent). It is noticed that for some specific values of the geometric parameter m > 0 (m = 1.0), the circumferential stresses may have a local maximum close to the outer surface. Also for the specific value of the geometric parameter m = 2.0, the maximum of the circumferential stresses may not be at the inner surface. The hoop stresses in the pure material disc with constant thickness have the same values as those obtained from non-dimensional form of equation (4.42b) of reference [27] It can be noted that for the same thickness profile, the hoop stresses for the FG disc are smaller than those for the pure material disc, except the area close to the outer surface. Figure 6 shows the non-dimensional radial displacement in the FG disc along its radius for different values of the geometric parameter m. It can be seen that for some specific values of geometric parameter (m = −2.0), the highest radial displacement can be at the inner surface, whereas for discs with constant or convergent thicknesses, these values may occur at the outer surface.
Hollow disc (fixed-free)
The stress distributions owing to centrifugal force for FG disc with variable thicknesses mounted on a rigid shaft for different values of the geometric parameter m are presented in Figs 7 and 8.
It is seen that for the cases with hyperbolic divergent and constant thickness profiles considered in Fig. 7 , the maximum radial stresses with fixed-free conditions occur at the inner surface and they are greater than their corresponding values with free-free conditions given in Fig. 4 . Comparing different thickness profiles, the disc with the hyperbolic convergent (i.e. m = 2.0) profile is found to have its maximum stress smallest. It can also be seen that mounted FG discs with hyperbolic convergent thickness have maximum radial stresses close to R = 0.6. It is noted that the shape of the radial stress changes from concave to convex by increasing the value of geometric parameter m.
The circumferential stress is shown in Fig. 8 . It is seen that for mounted FG discs with hyperbolic convergent thickness profile, the stress is smaller than those with other thickness profiles (i.e. constant or hyperbolic divergent). For FG discs, the circumferential stresses do not have maximum value at the inner surface, and the position of this point shifts towards the outer surface by increasing the value of the geometric parameter. Figure 8 suggests that the circumferential stresses The radial displacement is shown in Fig. 9 . It is evident from Fig. 9 that the maximum radial displacement is at the outer surface. Here again, the FG disc with the hyperbolic convergent thickness profile has smaller radial displacement compared with linear, constant, or hyperbolic divergent profiles. It can be mentioned that the difference between maximum radial displacements increases with a decrease in the geometric parameter m. It can be noted that the value of maximum radial displacement increases with a decrease in m.
Results for thermal loading
Temperature variation
It is assumed that the temperature varies only along the radius owing to the heat source at mean radius
If the inner surface of the disc made of metal and the outer surface of the disc made of ceramic are assumed to remain at 0
• C, the non-dimensional temperature change T R along the radius for different values of geometric parameter m can be obtained as shown in Fig. 10 .
It can be seen from this figure that the maximum temperature may not be at the mean radius (R m = 0.6) (i.e. the position of the heat source). The maximum values of the temperature tend towards the outer surface, with an increase in the geometric parameter m. At a given point along the radius, the temperature in the FG hyperbolic convergent disc is lower than that in a constant or hyperbolic divergent disc.
Hollow disc (free-free)
Figures 11 and 12 illustrate the non-dimensional radial and circumferential stresses in the FG rotating disc (free-free), respectively, owing to heat source for different values of the geometric parameter m. It is seen that the radial stress in the FG disc owing to thermal load may have local maximum close to the inner surface as increases m up to a certain value. The absolute value of the maximum thermal radial stress decreases with an increase in m. It can also be seen that the radial stress changes from compressive to tensile stress by increasing the value of the geometric parameter m, and this change starts from the inner surface.
The results of Fig. 11 can be summarized to conclude that the hollow FG disc with hyperbolic convergent thickness profile and having heat source is better than those with other thickness profiles in terms of lower thermal stress. This result is similar to the one reported in reference [24] . Figure 12 shows the non-dimensional thermal circumferential stresses in an FG disc with heat source for different values of m. It is seen that the maximum stresses occur at the outer surface and they are tensile similar to the stresses at the inner surface, whereas in-between inner and outer surfaces at a certain interval, the stresses may be compressive. It is noticed that the compressive stresses decrease with an increase in m.
The variation of non-dimensional radial displacement with radius for different values of m is shown in Fig. 13 . It is seen that the radial displacement for the FG disc with hyperbolic convergent thickness profile is the smallest in comparison with other thickness profiles (i.e. constant, linear, or hyperbolic divergent). Comparing with the results of Fig. 6 for the same value of m, it can be mentioned that the thermal radial displacement is smaller than the mechanical radial displacement. As expected, the radial displacement values close to the outer surface are greater than those close to the inner surface disc because of higher thermal conductivity and thermal expansion at the inner surface. It is noticed that the radial displacements for some specific values of m = −2.0 in hyperbolic divergent profile discs close to the inner surface can be even smaller than radial displacements in discs with uniform thickness.
Hollow disc (fixed-free)
The stress distributions for the FG disc with variable thickness mounted on a rigid shaft for different values of the geometric parameter m are presented in Figs 14 and 15. It is seen that the absolute value of maximum radial stress for a specific value of m = −2.0 may not occur at the inner surface, like in the disc with uniform thickness. Comparing uniform, hyperbolic divergent, and convergent thickness profiles, a hyperbolic convergent disc is found to have smaller absolute radial stress. It can also be seen that the shape of the radial stress changes from concave to convex with an increase in m. It is noted that it is only tensile stress for hyperbolic convergent thickness profile discs, whereas for other thickness profile discs, it can be either tensile or compressive. Figure 15 shows the non-dimensional thermal circumferential stresses in a mounted FG disc with heat source. It is seen that the maximum stresses occur at the outer surface and they are tensile in nature like the stresses at the inner surface, whereas in-between inner and outer surfaces, there can be compressive stress. It is noted that the behaviour of thermal circumferential stresses in FG discs under fixed-free condition is the same as that under free-free condition, but in the later case, stresses are greater. Figure 16 shows the non-dimensional radial displacement values along the radius of a mounted disc with variable thickness for different values of the geometric parameter m.
As expected, the maximum radial displacement for the mounted FG disc with variable thickness is at the outer surface. Comparing Figs 13 and 16 , it is clear that the general observations for the thermal radial displacements under free-free conditions (Fig. 13) are also valid for mounted discs (Fig. 16) , except close to the inner surface where the behaviour is different and it is related to boundary conditions.
CONCLUSION
Exact elastic solutions for axisymmetric variablethickness rotating discs with heat source made of FGM are presented. Three forms of thickness profiles, namely, uniform, hyperbolic convergent, and hyperbolic divergent are considered. Material properties and disc thickness profiles are assumed to be represented by power law distributions. Elastic stresses and radial displacements for the hollow disc with both free-free and fixed-free boundary conditions are obtained. Analytical solutions are given under freefree and fixed-free boundary conditions in the case of hollow discs, based on the form of the power law distributions for the mechanical properties of the constituent components and the thickness profiles. The effects of the geometric parameter m and the heat source on the stresses and the radial displacement are investigated. Numerical results are presented for the FG disc using aluminium as the inner surface material and ceramic as the outer surface material. These results are compared with those for rotating discs with uniform thickness. Some specific observations of this study can be summarized as follows.
1. The thermomechanical stresses for FG discs with the same thickness profile are smaller than those for pure material discs close to the inner surface in contrast to the region close to the outer surface. 2. The radial stresses due to mechanical loading in FG hollow discs with variable thickness under freefree conditions are positive. Contrary to this, radial stresses for FG discs due to thermal load can be negative or positive depending on the geometric parameter. The thermal radial stress is tensile for the FG hyperbolic convergent disc. 3. The effect of thickness profile is to shift the location and to change the value of the maximum stress. The location of maximum radial stress due to mechanical load for the free-free FG discs tends to shift towards the outer surface with an increase in m unlike the thermal radial stress under free-free conditions. 4. The temperature in FG discs with hyperbolic convergent thickness profile is smaller in comparison with other thickness profiles. The maximum values of the temperature tend to shift towards the outer surface with an increase in m while the heat source is at the centre.
5. The FG disc with hyperbolic convergent thickness profile has smaller stresses due to centrifugal or thermal load than that with hyperbolic divergent thickness profile. 6. Mounted FG discs have tensile radial and circumferential stresses due to centrifugal loading for all types of thickness profiles. Unlike this, mounted FG discs may have both compressive and tensile radial and circumferential stresses due to thermal load for some specific values of m. 7. Unlike FG discs with uniform thickness, the radial stress due to thermal load in FG discs with hyperbolic convergent thickness profiles is tensile. 8. The slope of radial displacement in FG discs with fixed-free boundary condition due to mechanical load is greater than that of thermal radial displacement in FG discs with the same condition (Figs 7 and 14) .
From the exact solution for FG discs given in this study, it can be suggested that an efficient and optimal design of the FG disc calls for a variable section being thicker at the hub and tapering down to a smaller thickness towards the periphery. 
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